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Abstract

The stress concentrations near a single fiber break in a unidirectionally reinforced fiber composite are
investigated using a shear lag theory within the framework of finite elements. A model for uniformly spaced,
well bonded fibers embedded in a matrix that cannot carry axial loads that was formulated previously is first
introduced. The solution of this problem involves Fourier transforms and requires only a two-dimensional
numerical integration. The work described in the current paper characterizes the stress concentrations
around a single fiber break in the presence of fiber/matrix interface sliding, axial matrix stiffness and uneven
fiber spacing. Due to the introduction of these complicating factors, the model no longer lends itself to the
simple Fourier transformation solution method. For the case of interface sliding a new method is developed
to handle sliding in any shear lag system. For the cases of axial matrix stiffness and uneven fiber spacing a
finite element code specifically written for this problem is used to determine the fiber stresses. The results
are discussed in the context of global versus local load sharing, and the effects on composite failure. © 1999
Elsevier Science Ltd. All rights reserved.

1. Introduction

The failure of a unidirectionally reinforced fiber composite material is a complex event. Initially
all fibers are intact and able to carry load. As increasing load is applied to the composite, the
weakest fiber will eventually fail. The loads that are shed by the broken fiber near the failure site
must then be transferred to other fibers and possibly to the matrix. Exactly where and how much
of the load is transferred depends on many parameters. The strength and sliding resistance of the
fiber/matrix interface, the fiber to matrix moduli ratio, the matrix cracking or yield stress and the
regularity of the fiber spacing are just a few of these parameters.
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After the first break occurs, the load is redistributed and this can cause other fibers to fail and
thus shed further load to intact fibers. At some point the composite as a whole will be unable to
carry additional load and failure will ensue. The failure of the composite can fall between the
extremes of Global Load Sharing (GLS) on the one hand and nearest neighbor Local Load Sharing
(LLS) on the other. GLS is associated with a material where fiber breaks do not cause stress
concentrations in the other intact fibers and the stress along a broken fiber recovers to the applied
stress linearly from the break. As will be discussed later, this type of load transfer requires sliding
along the fiber/matrix interface and a relatively stiff matrix. A GLS composite with a large number
of fibers will have a stress-strain behavior that is initially linear, then as fibers progressively fail
the material will soften until a smooth maximum in the stress is reached (Curtin, 1991; Hui et al.,
1995).

Composites that undergo brittle failure, where the material behaves nearly linear elastically up
to fracture, are usually associated with what has been termed Local Load Sharing (LLS). Ina LLS
material intact fibers experience a stress concentration in the presence of a break. Fibers closest to
the break will experience the highest stress concentration. In the extreme case, only nearest
neighbors experience the stress concentration and other fibers further from the break are unaffected.
This is associated with what has been termed a local load sharing rule. This type of local load
sharing does not actually happen in most physical systems. In general, stress concentrations are
distributed throughout the system. The magnitude of these stress concentrations and how they
depend on features of the composite system is the topic of this paper.

Due to the very complicated three-dimensional nature of composite materials, finite element
modeling is perhaps the best candidate for investigating the detailed stress distributions in the
fibers and matrix. Unfortunately, to investigate a composite of any significant size and to account
for the effects of all of the parameters mentioned above would require extensive amounts of
computation time. To alleviate this problem, shear lag models have become a common feature in
composite microstress analysis. Shear lag is a term used to describe a model that represents a three-
dimensional structure, such as a fiber, as a one-dimensional axial load carrying entity. Other
assumptions common to shear lag models include that the matrix cannot carry any axial loads,
the fibers are well bonded to the matrix, the fibers are arranged in a uniformly spaced array, and
the fibers are only allowed to displace along their axis. The model presented here is able to relax
all of these assumptions, although we do use the assumption of allowing only axial displacements
for simplicity.

The shear lag concept was introduced by Cox (1952). His analysis only considered the stresses
along a single broken fiber in an elastic matrix and other neighboring fibers were not directly
included in the model. Since then shear lag models have been used to investigate the stresses along
a broken fiber in the presence of different matrix constitutive behaviors. Du and McMeeking
(1995) formulated a model for a creeping matrix, and Landis and McMeeking (1998) solved the
governing shear lag equation for a perfectly plastic matrix with deformation governed by J, flow
theory. Landis and McMeeking (1998) also give an overview of the various models along with a
model that includes both elastic load recovery and constant shear stress sliding at the fiber/matrix
interface. Since these models do not directly include neighboring fibers the stress concentrations
in the unbroken fibers are not determined. This deficiency has been the primary shortcoming of
these models.

Hedgepeth (1961) and Hedgepeth and van Dyke (1967) formulated shear lag models that predict
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stresses in an infinite array of fibers. The three dimensional model of Hedgepeth and van Dyke
(1967) was improved upon by Landis et al. (1998) such that the model directly includes next
nearest neighbor interactions and the stiffness of the matrix springs that connect the fibers can be
explicitly related to matrix material properties. The basic assumptions of these shear lag models
are that the fibers can be represented by one-dimensional axial springs and that the matrix transfers
load between fibers via shear stress but does not carry any axial load itself. These models also
assume that the fibers are well bonded to the matrix and the fibers are arranged in an evenly spaced
array. These shear lag models yield what is termed an influence function which requires a numerical
integration to evaluate the stress at any position on any fiber in the composite.

Today’s materials processing methods rarely produce a perfect array of fibers. Slip along the
fiber/matrix interface is sometimes desired and designed into the material, and the effect of matrix
stiffness is most pronounced in systems with fiber to matrix moduli ratios near unity. So how do
stress concentrations vary as these parameters are taken into account? We have formulated a new
method to model sliding in any shear lag system and use it to investigate the effect of sliding on
stress concentrations. We will also use a finite element model proposed by Cox et al. (1994) that
represents fibers as one dimensional axial springs and the matrix as three dimensional finite
elements to investigate how the stress concentrations vary near a single break for the cases of axial
matrix stiffness and uneven fiber spacing. Interface sliding, axial matrix stiffness, and uneven fiber
spacing will each be considered separately. We have assumed the absence of residual stresses, but
these could be included by using simple superposition constructions.

2. Well bonded fibers in a matrix without axial stiffness

This problem has been solved by Landis et al. (1998), but we will summarize the results since
this problem is closely related to other cases and its solution is required for the sliding model. The
formulation is identical to that of Hedgepeth and van Dyke (1967) except in the treatment of the
matrix. We also note that this formulation is the continuous form of the finite element model
proposed by Cox et al. (1994). First consider the segment of finite element mesh drawn in Fig. 1.
The complete mesh extends out infinitely in all directions repeating the cell shown. The black dot
is a representative node in the mesh, and all of the other nodes and elements that influence the
equilibrium of this central node are included in the drawing. The equation governing the dis-
placement of this node is identical to the equation governing the displacement of any other node
in the system. The dark lines represent fiber elements, and the ‘bricks’ are matrix elements.

Each node is allowed to displace only along the fiber direction, x, as shown in Fig. 1. The fiber
elements are one-dimensional springs between nodes with stiffness E;A;/Ax where E;is the Young’s
modulus of the fibers, A4; is the cross sectional area of the fibers, and Ax is the distance between
nodes as shown in Fig. 1. The matrix element is assumed to have no axial stiffness, i.e. E,, = 0, but
a finite shear modulus G,,. This assumption has been interpreted as being representative of a matrix
that has failed in tension due to cracking or yielding at a low stress. Each matrix element is
essentially a system of springs connecting each node to all other nodes in the element. The stiffness
of each of these springs is determined by the finite element method, see Cook et al. (1974). The
stiffnesses for the 3D brick elements shown in Fig. 1 are given in Appendix A. Note that the
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Fig. 1. The black circle is a representative node in the finite element mesh. The mesh drawn includes all of the nodes
and elements that affect the equilibrium of the central node. The dark lines represent one dimensional fiber elements,
and the ‘bricks’ with dimensions w x w x Ax are three-dimensional brick elements with matrix properties.

expressions for the stiffnesses contain E,,, but for this problem the matrix has no axial stiffness,
re. E,=0.

Once all of the stiffness terms are known for each element then the stiffness matrix of the 27
node cell of Fig. 1 can be assembled. The equation governing the displacement of the central node
is then the general form of the equation governing any other nodal displacement in the system. It
is now possible to make this system continuous in the x-direction by taking the limit as Ax goes to
zero. In this limit the finite element equations governing the displacements of the nodes are
transformed to ordinary differential equations governing the displacement distributions along the
fibers. The equation governing the x displacement, U, ,, of a fiber located at position m, n in the
square lattice is

d2 Um,n
dx?

4
+ Q(Um+ 1,n+1 + Um+ 1,n + Um+],n71 + Um,n+l

+ Um,n—l + Um—l,n+l + Um—l,/1+ Um—l,n—l _8Um,/1) = 0 (1)

where D is the fiber diameter and is related to the fiber cross sectional area by A4, = nD?/4. Note
that m and n can take on any integer values, and thus eqn (1) represents an infinite set of equations.
Following the procedure originated by Hedgepeth and van Dyke (1967) this set of equations can
be solved using a Fourier transformation and influence function technique. Consider the problem
where a central fiber, m = 0 and n = 0, is broken at x = 0, under far field applied strain, ¢. The
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solution is obtained by superposing the solution for an applied strain of —& at x = 0 on fiber
(m = 0,n = 0), termed the ‘auxiliary problem’, and the trivial uniform strain solution. The bound-
ary conditions for the auxiliary problem are:

d(]0,()

o ¥=0=—¢ (2a)
U,,(x=0)=0 for m,mn#0,0 (2b)
U,,(x=0o0)=0 for allmandn (2¢)

Then the stress, 0,,,, at any x-position, in the fiber located at site m, n in the lattice for the central
break problem, is given by

Omn (é)
€

T =1 + Qm,n(é) (3)

where
4 |G, x
= il £ @
and
—Jn Jn cos nf cosme(oexp [—a|&[])dOd¢p

0 JO
J J 2d0d¢
0 JO

oc=\/8—2c056—2005¢—4c05000s¢ (6)

Note that the absolute value in eqn (5) arises due to the fact that g,,,(—&) = ¢,,.(£). Also, g,,,, 1s
the solution for the normalized stresses in the fibers for the auxiliary problem. The result for the
stress concentration factor in a nearest neighbor fiber is 1.081. Landis et al. (1998) have pointed
out that this value for the maximum stress concentration in a nearest neighbor fiber is in much
better agreement with more detailed finite element calculations done by Nedele and Wisnom
(1994) (SCF ~ 1.06-1.07) than the earlier shear lag model of Hedgepeth and van Dyke (1967)
(SCF = 1.14). Note that the magnitudes of the stresses do not depend on the moduli ratio, but in
contrast the length scale over which stresses are perturbed do depend on this ratio. For example,
a composite with a very compliant matrix will have elevated stresses in a fiber next to a break over
much longer distances than a composite with a very stiff matrix. This becomes a very important
feature when the statistics of fiber failure are considered. A fiber that has a high stress acting over
a given length will have a higher probability of failure than a similar fiber with the same stress
magnitude acting over a shorter length. Equations (3)—(6) are the solution for a ‘perfect’ composite
in which the fiber/matrix interface is well bonded, the matrix has zero axial stiffness and the fibers

Gna(&) = )

with
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are arranged in a perfectly square lattice. The power of this technique is that it gives the stress at
any fiber position in the composite (i.e. for any m, n and ¢). Furthermore, the influence function
given in eqns (5) and (6) can be used along with superposition techniques to compute the stresses
in the composite when there are multiple, arbitrarily located breaks as has been done with a two-
dimensional influence function by Sastry and Phoenix (1993) and Beyerlein and Phoenix (1997).

3. Sliding at the fiber/matrix interface

In this section we will determine the stress concentration in a fiber adjacent to a broken one in
the presence of sliding at the fiber/matrix interface. First we will present the closed form solution
of sliding in single fiber shear lag models to illustrate the problem. The first single fiber shear lag
model was presented by Cox (1952) and Nairn (1997) has recently improved upon the original
model. Landis and McMeeking (1998) have presented the following model for interface sliding. A
literature search has been carried out to determine whether this model has been developed else-
where, but no such work was found.

All single fiber shear lag models that assume the matrix behaves elastically have a solution for
a break at x = 0 of the following general form:

o du
Fo=de= 1o l= D @
f = _7d2u_ n(¢&) exp [— <[] ®)
f = e sg exp

where

“SJED "TYEeD TT NG, Ee ae

where x is the axial coordinate along the fiber, U is the axial displacement, o is the axial stress, 7
is the shear stress acting at the fiber surface and the function sgn (&) isequalto 1if £ > 0% or —1
if £ <07. The constants C, and C, are chosen to be consistent with eqns (7) and (8) and can
depend on the geometry of the system and the elastic properties of the fiber and matrix. Note that
the constants C, and C, will be different for the Cox (1952) and Nairn (1997) models, but that the
general form of eqns (7)—(9) remains unchanged.

In order to introduce sliding, we must assume some constitutive behavior for the fiber/matrix
interface. In metal matrices with strong fiber/matrix interfaces, sliding is governed by shear yielding
of the matrix. In many ceramic and titanium matrix composites there is no strong chemical bond
between the fiber and matrix and stresses at the fiber matrix interface are governed by frictional
sliding in ceramic matrices or yielding of a fiber coating in titanium matrices. Polymer matrix
composites tend to have a strong fiber/matrix bond and therefore the sliding process in polymer
matrix composites is a more complicated fracture phenomenon. The actual debonding of the
interface is governed by energy release rates and subsequent sliding of a fiber segment is governed
by friction. In order to capture most of these features we will use a simple interface constitutive
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model described by Beyerlein and Phoenix (1996) in which a region of the interface along the fiber
will first debond when the magnitude of the shear stress at that position is equal to a critical
debonding stress 7. Once the fiber has debonded it will slide along the matrix with a constant
sliding stress 7,. The solution for sliding in a single fiber takes the form

O- 7 7 — —_— 7 J—
Ee ™ Tl T = —sgn(d)7, (10a-b)

in the sliding zone, — L, < & < L, where L, is

. G, L

L, = == 11
s Cl Ef D ( )

and L is the length from the break to the end of the sliding zone. Outside of the sliding zone where

|€] > L, the stresses take the form

F_ I—Cexp[—[<]], 7= —sgn()Cexp[—[<]] (12a-b)
&

The constant C and the sliding zone length L, are determined by applying the following boundary
conditions. At the end of the sliding zone, ¢ = L, the axial stress must be continuous and the
normalized shear stress must be equal to —%, for the values of ¢ infinitesimally less than L, and
—1p, for values of ¢ infinitesimally greater than Z,. The complete solution to this problem is then

o _ {fom for [&] <L

Eg  |l—tpexp[L,—[¢]] for [¢> L]

) {— sgn(&)7, for ¢ <L . 1
T= a 2R s = 4
—sgn(§)tpexp [Li—[¢[] for [¢] > L Ty

-2 (13a—)

0

=

Note that o(—¢&) = o(&) and ©(— &) = —1(&). As demonstrated here, the solution to the sliding
problem requires matching the sliding and elastic solutions at L.

Considering the solution to the single fiber shear lag model with sliding, it is useful to investigate
the form of the elastic solutions for multi-fiber shear lag models. The general form of the governing
equations for a multi-fiber shear lag model is

d*y, X

dc .ZA”dé—i_ZB”u 0 for i=1 to N (14)

where u; are normalized axial or transverse displacements of a fiber or region of matrix and N is
the number of fiber and matrix regions multiplied by the number of displacements allowed per
region (i.e. 3 if axial and transverse displacements are allowed). We choose the normalizations
represented by u, ¢ and 1 such that

du; d?y,

Epne g M4 0T T

where E;,, denotes the fiber or matrix Young’s modulus depending on whether i represents a fiber

O

1
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or matrix region. Note here that the numbering system has changed from that used in eqns (1)
and (5). In this numbering scheme each fiber or matrix region is specified by a single number
instead of an ordered pair as in eqns (1) and (5). This is more useful when a finite number of
regions are considered, but the ordered pair scheme must be used for infinite composites. In our
models the 4, and B;; are determined by the finite element method in the same manner described
in the preV10us sectlon for the ‘perfect’ composite. Equation (14) can represent a shear lag system
with axial matrix stiffness, random fiber spacing and transverse displacements. The solution to eqn
(14) can be obtained in a variety of ways. If N - oo and the material has a periodic geometry then
the Fourier series transformation of the previous section must be used. For finite N, numerical
methods (as in the next sections) or the characterization of the appropriate eigensystem can be
used as the solution procedure. In general, with a far field strain of ¢ applied to the system, the
axial stress along fiber or matrix region i with a single break at £ = 0 in fiber or matrix region j is

,(¢)
E/;ms

= 14¢;(9) (15)

where ¢ is again a normalized coordinate along the fiber and ¢,/(¢) is the influence function which
gives the strain at & on line of freedom i due to the presence of a normalized unit opening load at
¢ = 0 on line of freedom j. Again, E;, is equal to the fiber or matrix Young’s modulus if i is a fiber
or matrix line of freedom respectively. The influence function, g;;, can take the form of an integral
as in eqn (5), a series of exponential functions if the eigensystem solution method is used, or a list
of tabulated values if a numerical solution procedure is implemented.

Now that we know the form of the elastic solutions for our shear lag systems the problem
becomes one of matching the sliding solution to the elastic solution. To do this we will first discuss
the Break Influence Superposition (BIS) technique developed by Sastry and Phoenix (1993).
Consider an elastic shear lag system consisting of a matrix and fibers with M arbitrarily loaded
breaks as shown in Fig. 2. Define A;; to be the strain at break 7/ due to a unit opening load at break
J- Note that the A;; can contain 1nteract10ns between both fiber and matrix failure sites. Therefore,
this definition of A is slightly different from that used in Sastry and Phoenix (1993) which only
considered mteractlons of fiber breaks. Let w; be a weight given to break j. Note that w; is
proportional to the opening displacement of break j- Then the traction on break i, p;, is given by

Efm ; A” / (16)

If we desire the solution for a uniform traction on all breaks with zero far field applied strain then
we set all of the p, = — E;,,¢ and solve the set of equations given by eqn (16) for the weights, w;.
Once this solution is obtained then the uniform strain field ¢ is superposed to obtain the solutlon
for traction free breaks with a uniform strain applied at infinity. The stress at any point in the
composite is then

a:(¢) M
Ere 1 —i—j; q,;(E—=E&)w; (17)

where ¢,(¢) is the stress at £ along line of freedom i, g;; is the influence function for line of freedom
i due to a unit opening load on line of freedom ;j and ¢; is the axial location of break j.
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All arrows represent a force of equal magnitude
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Fig. 2. A schematic of the superposition procedure used in the Break Influence Superposition technique.
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Given that we can control the stress at any position in a fiber or matrix line of freedom using
BIS, it is possible to model sliding using this method. Recall eqn (10a) which states that the
normalized axial stress in a broken fiber in the sliding region increases linearly from the break.
Therefore, we can model the sliding region as a continuous distribution of breaks with non-zero
traction. The traction in this region before we superpose the uniform far field strain has the form
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Pi($)
E ¢

= —1+70|E—¢ (18)

where £, is the position of the ith break. Then the set of equations given by eqn (16) becomes a set
of integral equations governing the weight functions of the slip zones around the breaks,

y {J M g — (&) dE + J

Jj=1 ¢ &—Lg

EsL._jqij(é_i/)ij(é/) df/} = —1+1,|—¢]

(19)

where zsR,, and isLJ are the normalized lengths of the sliding regions to the right and left of break
J assuming the ¢ direction increases to the right, and wg,; and wy; are the weight functions for the
right and left sliding regions for break j. Equation (19) (i = 1 to M) represents a set of Fredholm
integral equations of the first kind governing the weight functions wg 1 ,(£). The difficulty with this
set of equations is that the lengths of the sliding zones are not known a priori. The final solution
must be found by iteration given the boundary conditions that the magnitude of the shear stress
just outside of a sliding region must be equal to the debond shear strength, 1p,.

At this point the formulation is still a bit abstract so we will give two examples. First we will
show the governing equation for the single fiber shear lag model with a single break, then we will
solve the equations for a single fiber break on fiber m = 0, n = 0 in an infinite composite with no
axial matrix stiffness and fibers arranged in a square array. For simplicity we will assume that the
debond shear strength is equal to the shear sliding strength. Since we are dealing with a single
break the slip zones must be symmetric, i.e. L,y = Ly = L,. Equation (19) now reduces to one
equation governing a single weight function. For the single fiber shear lag model the influence
function appears in eqn (7), g(§) = — exp(—|[¢]). Therefore, the equation governing the weight
function in the sliding region is

J [ exp(—[E— &) —exp(— [E+EDIWE) dE = —1+5,¢ (20)

0

The shear stress at the end of the sliding zone at & = L, is

Es A ~
t(Ly) = J [—exp(—|Li—&')) —exp(— L, —'DIw(E) d&" = —1p ey
0

No significance should be placed on the fact that the kernel function in eqn (21) is identical to the
kernel function in eqn (20). The kernel for eqn (21) comes from eqn (8) for the shear stress on the
fiber near the break. An exact solution exists for the weight function w(¢) in eqns (20) and (21). It
is:

TD

® (22)

%o

W(&) = %0(E) + (i —T9)d(E— L) + (1—705) with L, =

P\)
o |

where (&) is the Dirac delta function such that J f(&)dé(t—c)déisequaltof(c)ifa<c < b, f(c))2

if ¢ = a or ¢ = b and 0 otherwise. The solution for the weight function yields the same results for
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fiber stresses as eqn (13). The solution to eqns (20) and (21) was also done numerically with a
Gaussian quadrature method as described by Press et al. (1992), and a bisection method was used
to find the appropriate L,. We will mention here only that the numerical results agree perfectly
(from a numerical standpoint) with the exact solution given in eqn (13) and that the singular delta
functions do not cause any numerical difficulties.

We now turn our focus to the infinite system and the effect of sliding on stress concentrations
in neighboring fibers. The governing equation for the weight function in the sliding zone is

J 900 (E—E) + oo G+ ENWE) dE = — 1478 (23)

where ¢, is the influence function defined in eqns (5) and (6). For our study we assume that the
debond shear strength is equal to the shear sliding stress. The definition of & is given in eqn (4).
The normalization for the shear stress is

Code 4\ G, Ee

This normalization is also valid for the shear sliding strength. The stress on a fiber located at
position m, n is

=

T (S) & , , N g
T = 1+ [qm,n(é_é )+qm,n(é+é )]W(é )dé (25)
€ 0
where ¢,,, 1s given in eqns (5) and (6). The shear stress at the end of the sliding zone is
L, ; )
To0(Ls) = J [to0,0(Ls—&) +190(Ls+EN]W(E)dE = —1, (26)
0
where

— sgn(é)Jn Jn cos nl cos me(o* exp [—o|E|])d0d¢p

0 JO
J J 2d0d¢
0 JO

where o is given in eqn (5). Note that the sgn function and the absolute value arise due to the fact
that the 7,,,,(¢) are antisymmetric about ¢ = 0 such that ¢,,,(—&) = —1,,,(£). The solution to eqn
(23) is obtained by a Gaussian quadrature method described by Press et al. (1992), and L, is found
using a bisection method.

Figures 3 and 4 show results for the axial stress in the broken fiber and the axial stress in the
nearest neighbor fiber respectively. Beyerlein and Phoenix (1996) have formulated a model to
handle sliding specifically for the two-dimensional (i.e. a single sheet of fibers and matrix) shear
lag model of Hedgepeth (1961) and found similar trends to those found in Figs 3 and 4. There are
multiple curves on each graph corresponding to different values of the parameter 1 — 7, /% ,,.,x Where

lnan(8) = (27)
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Fig. 3. The axial stress in a broken fiber as a function of £ (the normalized distance from the break), for four values of
the normalized shear sliding strength.

A

Tmax = — Lo0(& = 0) which in this case is 2.90 and represents the maximum normalized shear stress
at the break. This parameter is also closely related to the ratio L /Ly where Ly is the slip length
in the Kelly and Tyson (1965) shear lag model that assumes that all of the stress recovery in the
broken fiber is governed by sliding. The normalized lengths L and Ly are

1 . 1
_ , Lero — (28a-b)

Tmax To

.
L~

()
S) -

The right hand side of eqn (28a) is an upper bound on L, and has a maximum error of about 2.7%
where 1—1%/2ma = 0.3. Therefore L /Lyt ~ 1 —7%,/fm high normalized shear sliding strength
implies that the sliding length is much smaller than what is predicted by the simple Kelly and
Tyson model, and low shear sliding stress creates sliding lengths that are comparable to the length
predicted by the Kelly and Tyson model.

Figure 3 illustrates that as £, approaches zero the axial stress distribution in the broken fibers
approaches the bilinear profile predicted by the Kelly and Tyson model. Figure 4 shows that when
Ty = Tmax the stress concentration factor in the nearest neighbor fiber reaches its maximum value
of 1.081. In this regime the system is no different from a well bonded system. As %, decreases, the
stress concentration factor in the nearest neighbor fiber also decreases until the point were £, — 0
and the stress concentration goes to one (no increase in stress due to the break).
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Fig. 4. The axial stress in a nearest neighbor fiber as a function of ¢ (the normalized distance from the break), for four
values of the normalized shear sliding strength.

Figure 5 is a plot of the maximum stress concentration in the nearest neighbor fiber as a function
of 1 —%,/%,.ax- Figure 6 is a plot of the inverse of the normalized distance from the break where the
axial stress in the nearest neighbor fiber first falls to the far field applied stress (also called the
positively affected length), 1/L,, vs 1 —%,/Zmax. In general high stress concentrations are detrimental
to composite strength, but when considering the statistical nature of fiber strength a more accurate
statement would be that high stresses acting over long lengths of fiber are detrimental to composite
strength. Notice in Figs 4-6 that as the stress concentration decreases the length of fiber that
experiences an elevated stress increases.

It is of interest to consider whether the higher stress concentration acting over the shorter length
when 17, is large is effectively worse for failing the material than the lower stress concentration
acting over the longer length when 7, is small. We have developed one simple model to address
this issue. Assume that we have applied load to a composite with no fiber breaks. In this situation
all of the fibers have the same uniform stress and the same probability of failure. Now assume that
a single fiber breaks and sliding is allowed at the interface. The axial stress in the broken fiber
looks like a stress profile in Fig. 3 and the stress in a nearest neighbor fiber looks like the
corresponding profile in Fig. 4. We can now calculate the probability that a nearest neighbor fiber
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Fig. 5. The maximum stress concentration factor in a nearest neighbor fiber as a function of the normalized shear sliding
strength.

will survive given that it was able to survive the initial stress required to break the failed fiber.
Calculations of this type are fundamental to determining the probability of failure of a material
experiencing non-uniform stresses, and have been done previously by many authors including
Phoenix and Sexsmith (1972), Thouless and Evans (1988) and Schwietert and Steif (1990). The
probability of survival for a fiber experiencing a varying axial stress distribution, ¢(x), given that
it survived an initial uniform stress of ¢ = Ee, is

ENES R

exp| — — X

PI7r, ], Us,

P, = (29)
exp| — L s,

where x = 0 is the plane of the break. We have assumed that the failure statistics of the fibers is

governed by a Weibull distribution. The parameters L, and S, are the Weibull strength and length

parameters, m is the Weibull modulus and — L, and L, are the limits within which the fiber is able

to fail. The relevant limit L, lies where the axial stress in the nearest neighbor fiber first falls to the

initial applied stress as shown in Fig. 6. The probability of failure in the region of the fiber where
the stress has decreased is zero. In general, eqn (29) can be represented in a simpler form as
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Fig. 6. The inverse of the length over which the axial stress in a nearest neighbor fiber is elevated above the far field
applied stress as a function of the normalized shear sliding strength.
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Here S* is a characteristic strength for the composite, ¢,,(&) is the stress in the fiber that is a
nearest neighbor to the break and k is a dimensionless parameter governing the probability of
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Fig. 7. A measure of the probability of failure, &, for a fiber neighboring the break as a function of the normalized shear
sliding strength, for four values of the Weibull modulus.

failure of the fiber. Large values of k£ imply that the nearest neighbor fiber is likely to fail, while a
k value of zero implies that the fiber will not fail and further load is needed to cause another break.
The limit of k£ = 0 implies global load sharing. Since no closed form expression exists for the stress
profile in a fiber neighboring a break in the slipping system, the value of k& was determined by
numerical integration of the results for the axial stress in the nearest neighbor fiber. Figure 7 is a
plot of the value of k as a function of 1—%,/%,,... The plot shows that & is not monotonically
decreasing with decreasing %, and therefore lower stress concentrations do not necessarily imply
lower probabilities of failure for the neighboring fibers. It can be seen that £ = 0 (GLS) occurs
only for £, = 0.

A stress concentration factor of 1, i.e. no stress concentration in the neighboring fiber, occurs
when the sliding length is equal to the sliding length predicted by Kelly and Tyson (1965). This
implies that the axial stress profile in the broken fiber is bilinear. This situation, where there are
no stress concentrations and the broken fiber has a bilinear stress recovery profile, are exactly the
assumptions used in infinite fiber global load sharing models (Curtin, 1991; Hui et al., 1995). As
noted above, this occurs when £, = 0. The parameter ¢, = 0 when the matrix is rigid in shear, 7, is
zero, or the far field applied strain is infinite. Therefore, GLS occurs in composites when there is
sliding at the fiber/matrix interface and the matrix has infinite shear modulus. The conditions
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where GLS-like behavior should occur are when the matrix is relatively stiff, the interfacial sliding
stress is low, and the fibers are relatively strong such that breaks occur only at high strains. The
strength of GLS materials has been studied extensively by many authors. The most notable works
are the approximate strength model formulated by Curtin (1991), the exact treatment of the single
filament composite by Hui et al. (1995) and the investigation of size effects by Phoenix et al. (1997).

4. Numerical solution to shear lag models

To this point we have discussed only exact solution procedures for the governing shear lag
equations. With the method that we have proposed to formulate the governing shear lag equations,
it is very easy, and in some cases less tedious, to solve these equations using a numerical finite
element method. In doing this we return to the model of Cox et al. (1994).

Equation (1) represents the set of differential equations that governs the displacements in the
fibers of the shear lag model. These equations were derived using the finite element method. In
other words, the system was discretized into a set of nodes with fiber and matrix elements connecting
the nodes, a displacement field consistent with the nodal displacements was assumed in each
element and then the principle of virtual work was utilized to determine the spring stiffnesses that
represent the fibers and matrix. To obtain the final governing equations, the discretization length
in the x-direction was taken to approach zero. The resulting infinite system of linear, ordinary
differential equations lends itself to a solution by a Fourier transformation technique.

Utilization of the Fourier transformation method requires that the model system be relatively
simple. Axial matrix stiffness, and uneven fiber spacing are complications that prohibit the use of
the Fourier transformation technique. It is possible to solve for the eigenvalues and eigenvectors
of the system but this procedure can be tedious. Instead, we will use the entirely numerical finite
element matrix method as the solution procedure to investigate the effects on stress concentrations.
The numerical calculations model the same system as described by eqn (14), but now the dis-
cretization length, Ax, is not infinitesimal. The fibers are still one-dimensional springs and the
matrix is represented by brick elements with degrees of freedom in the x-direction. For all of the
numerical finite element results presented in the next sections, the array is 13 x 13 fibers in the z-
and y-directions, and the number of elements along the length of a fiber is 80. The total length of
the fibers is chosen such that the stress in the broken fiber has recovered to at least 99% of the far
field applied stress. Each calculation takes between 1 and 5 min on a Silicon Graphics Indigo
workstation.

For the purposes of comparing the numerical finite element calculation to the results for the
infinite array given by the influence function in eqns (3)—(6), the first results to be discussed will
be for the well bonded case. Figure 8 is a two-dimensional representation of the three-dimensional
model. For the case of a single break, three mutually perpendicular symmetry planes exist with a
common point at the break. This allows us to consider one eighth of the entire three-dimensional
system. Fibers lying on a symmetry plane are given half of the stiffness of a full fiber and the
broken fiber is given one quarter of the stiffness of an entire fiber. Figure 8 illustrates that all of
the nodes on the plane of the break are given zero displacement except for the broken fiber which
is required to have zero nodal force. All of the nodes on the boundary opposite to the plane of the
break are given a uniform displacement that is related to a uniform applied strain. Figures 9 and
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Fig. 8. A 2D representation of the model when the finite element matrix method is used as the solution procedure.
Boundary conditions are only needed on the top and bottom surfaces because the nodes are only allowed to displace in
the x-direction. If the matrix has axial stiffness then a second step is required to enforce the condition of zero axial stress
at the break.

10 are plots of the axial stress in the broken and in a nearest neighbor fiber as a function of the
distance from the break plane in non-dimensional units . The circles are the numerical finite
element results and the crosses are the results from eqns (3)—(6). These plots demonstrate that it
is adequate to use a finite 13 x 13 array of fibers, and a finite model length with 80 elements along
a fiber, to represent the stresses present near a single fiber break in a large composite. The results
for the stresses in the broken fiber and the nearest neighbor fibers are fitted very well to the
following functions:

GB(X)_ @i
iy —l—exp<—1.86 o D) (32)

and
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Fig. 9. The axial stress in a broken fiber as a function of the non-dimensional length ¢. The fibers are well bonded to
the matrix, the matrix has no axial stiffness, and the fibers are arranged in a perfect square array. x is the influence
function solution for the infinite array of fibers, the circles are the finite element results, and the solid line is the fit of
eqn (32).
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where oy is the axial stress in the broken fiber and oy is the axial stress in the nearest neighbor
fiber. These functions are shown as solid lines in Figs 9 and 10. The functional form for the stress
in the broken fiber follows from the original shear lag model formulated by Cox (1952). The value
of 1.86 in the exponential is used to fit the numerical results and is not present in the original Cox
paper. We emphasize that these functions are not exact solutions from the influence function but
rather closed form fits to the exact solution.

The finite element model presented here is essentially identical to the model presented in eqns
(1)—(6). It solves the same governing equations developed by Landis et al. (1998). Equations (3)—
(6) are the exact solution to the set of equations given by eqn (1). The final result requires a
numerical integration which can give the desired result to almost any precision necessary. On the
other hand, the finite element results are a completely numerical solution to the equations. The
system is broken up into discrete nodal degrees of freedom, a set of linear matrix equations is
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Fig. 10. The axial stress in a nearest neighbor fiber as a function of the non-dimensional length &. The fibers are well
bonded to the matrix, the matrix has no axial stiffness, and the fibers are arranged in a perfect square array. x is the
influence function solution for the infinite array of fibers, the circles are the finite element results, and the solid line is
the fit of eqn (33).

obtained, the matrix is inverted and the final solution is calculated. It is no longer possible to deal
with an infinite array of fibers and the final results are subject to the same discretization errors
that all numerical models suffer from. The models to be presented in the next sections use the
numerical finite element method as the solution procedure. All of these models are shear lag
models.

5. Well bonded fibers in a matrix with axial stiffness

To this point we have only considered matrices that cannot carry any axial loads. This assump-
tion is most valid for matrices that are cracked or possibly yielded due to tensile stresses that
existed in the composite prior to any fiber breaks. For matrices with high strains to failure and
relatively high stiffness, the assumption that £,, = 0 is no longer valid. Recent experimental work,
Wagner et al. (1996), has demonstrated the fact that stress concentrations in composites with
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Fig. 11. The maximum stress concentration in a nearest neighbor fiber as a function of the axial matrix stiffness. The
stress concentration factor in a nearest neighbor fiber decreases as the axial stiffness of the matrix increases. The extra
matrix nodes allow the crack to be isolated to the fiber.

tough matrices do depend on the axial stiffness of the matrix. All of the shear lag models that do
not consider the axial stiffness of the matrix material are not able to predict this behavior.

To model axial matrix stiffness and to maintain the spirit of simplicity of shear lag modeling,
extra degrees of freedom must be placed among the fibers and this arrangement is shown in Fig.
11. Since the axial stiffness of the matrix depends on both the Young’s modulus of the matrix, E,,,
and the area, w?, of the matrix between the fibers, the dimensionless parameter E, w?/E.D? is used
to characterize the amount of matrix stiffness in the system. No sliding is allowed to occur at the
interface, so the calculation is linear elastic. Due to the introduction of extra nodes in the matrix
the solution of the problem does not lend itself to the Fourier transformation solution method.
Therefore, we use a numerical finite element procedure to obtain the results. The model is a
uniformly spaced, 13 x 13 array of fibers with extra matrix nodes in the pattern shown in Fig. 11.
There are 80 elements of length Ax along every fiber. As in the previous models, the stiffness of
the ‘springs’ that represent the matrix are determined by the finite element method. The stiffness
terms for an element are given in Appendix A. There are degrees of freedom lying entirely within
the matrix which are used to introduce the effect of having intact matrix material surrounding the
broken fiber. The procedure for solving the problem of a uniformly strained composite with a
single stress free fiber break requires two steps. The first step has been described in the previous
section and is illustrated in Fig. 8. After this step is completed and if the matrix has axial stiffness,
as it does in this case, then the stress at the tip of the broken fiber will be compressive. In order to
enforce the condition of zero stress at the break, we must now superpose on this solution the
solution for a uniform strain. The uniform strain is tensile and its magnitude is such that it will
negate the compressive stress at the fiber break from the initial solution. The stress at any position
in the model is the stress from the first solution plus the stress from the uniform strain solution.
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Fig. 12. The stress concentration factor in a nearest neighbor fiber with all of the immediate neighbors having close
spacing as a function of the relative perturbation size.

Figure 11 is a plot of the maximum stress concentration in a nearest neighbor fiber for a given
value of the matrix stiffness. When the matrix has zero stiffness the stress concentration in the
nearest neighbor is 1.081 as expected. As the relative stiffness of the matrix E,,w?/E;D? increases,
the maximum stress in the nearest neighbor fiber decreases as shown in Fig. 11. Shear lag models
that neglect axial matrix stiffness cannot predict the effects of increasing the matrix Young’s
modulus or fiber spacing on stress concentrations. We have presented a mechanically consistent
method for determining these effects.

6. Uneven fiber spacing

As mentioned earlier, it is difficult to process composites so that the fibers form a perfectly
uniform array. Also, experimental measurements, Wagner et al. (1996), are most often done on
composites with non-uniform fiber spacing. Almost all attempts at modeling composites, including
the models discussed previously in this paper, assume that the fibers are arranged in a periodic
array, be it square, hexagonal or something else. In this section we will address what happens to
stress concentrations around breaks when there is some type of eccentricity in the placement of
fibers near a break. Examples of the meshes that were used are shown in Figs 12 and 13. We
assume that the fibers are perfectly straight and parallel coming out of the plane of the schematics.
Also, the fibers are well bonded to the matrix which has zero axial stiffness. Again this type of
fiber configuration does not lend itself to the Fourier transformation solution method. The numeri-
cal finite element method is used. All of the elements that are square have stiffnesses as given in
Appendix A, while elements near the displaced fiber(s) that are not square in their plan have
stiffnesses that are determined by the isoparametric finite element formulation, Irons (1966). Once
the stiffness matrix is assembled the calculation is linear elastic. The boundary conditions are
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Fig. 13. The stress concentration factor in the nearest neighbor fiber with the broken fiber perturbed from its central
position as a function of the relative perturbation size.

applied as shown in Fig. 8 and as discussed in previous sections. Notice that the mesh in Fig. 13
has only one of the two transverse planes of symmetry and therefore one quarter of the entire
model enters into the solution instead of only one eighth.

Two types of fiber spacing eccentricity are considered. The first type of eccentricity is where all
of the eight fibers surrounding the break are moved toward the broken fiber such that the new
spacing between these fibers is reduced by the distance e, as shown in Fig. 12. The second type of
eccentricity moves only the broken fiber by a distance e toward one of the nearest neighbor fibers,
as shown in Fig. 13. All of the other fibers in the 13 x 13 array are in their proper positions and
the only perturbation in the spacing is near the fiber break.

First let us consider the case where all immediately neighboring fibers are moved closer to the
broken fiber. Figure 12 is a plot of the maximum stress in a nearest neighbor fiber as a function of
the eccentricity ratio e/w, where w is the unperturbed fiber spacing. As shown in the graph, a
maximum value of 1.094 for the stress concentration factor in a nearest neighbor fiber is obtained.
Since there are eight neighboring fibers, an upper bound on the stress concentration factor must
be 1.125 (if other fibers on this plane do not have a SCF less than 1). In this situation all of the
neighboring fibers would share the load shed by the broken fibers equally and no other fibers in
the array would be affected by the break. We have seen from other models that all fibers at a finite
distance from the break can ‘feel’ the presence of the break. Any stress perturbation in a fiber
neighboring a break must certainly perturb the stress state in a fiber neighboring it further from
the break. Therefore, it should be impossible to reach a value for the stress concentration of 1.125.
This fact is illustrated in Fig. 12.

Next consider the case were the broken fiber is moved toward one of the neighboring fibers by
a distance e. Figure 13 is a graph of the nearest neighbor stress concentration as a function of e/w.
A maximum stress concentration of 1.41 is approached as the eccentricity ratio approaches 1.
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Following the same reasoning as in the previous paragraph, the upper bound on the stress
concentration factor in the nearest neighbor must be 2. However, due to the long range load
sharing that is present in this model, this bound is not reached.

These perturbations in the fiber arrangement can be interpreted as local increases in volume
fraction. The results show that the two perturbations considered here give dramatically different
results. A more uniform change in the local spacing gives rise to only a slight increase in the stress
concentration on a neighboring fiber, while a very localized relocation of one fiber yields a
significant increase in the stress concentration.

7. Discussion

We have attempted to characterize the stress concentrations that occur in fibrous composite
materials. The finite element method was used to generalize an idealized shear lag model of Landis
et al. (1998). The ‘perfect’ composite model assumes that the fibers are well bonded to the matrix,
the matrix has zero axial stiffness and the fibers are arranged in a perfect square array. A new
formulation to represent sliding in any shear lag system was presented and used to investigate the
effects of sliding on fiber stress concentrations. A finite element model was used to relax the zero
matrix axial stiffness and uniform fiber spacing assumptions and to investigate the effects on the
stress concentrations near a single broken fiber. For the case of the ‘perfect’ composite the
numerical finite element model was shown to be in excellent agreement with the exact solution of
the influence function model.

The most important result from the ‘perfect’ composite model is not the magnitude of the stress
concentration, but rather the characteristic length over which the stresses are elevated above the
far field applied stress. The solution of the model leads to the normalization of lengths,

fo |2 [Onx
N3\ E D’

The term \/ G,./E; in the normalization allows us to easily relate one fiber/matrix system to another
and indicates that the main effect of changing the moduli ratio is to rescale the lengths over which
stress elevation takes place in fibers adjacent to broken ones. This normalization carries over into
the other models that relax the ‘perfect’ assumptions. The reason it is important to consider the
lengths over which stress concentrations act and not just the stress concentration magnitude is that
fibers do not have a deterministic strength. Instead, flaws are distributed statistically along the
length of the fiber. Each of these flaws has a strength associated with it. Therefore, in order to fail
a fiber the stress at a specific flaw site must be higher than that flaw’s strength. If the stress is
elevated along a fiber over a long distance, then more flaws will experience the high stress, and the
probability that a weak flaw will be sampled is greater.

A second interesting behavior of the ‘perfect’ composite system is that the magnitude of the
stress concentration does not depend on the fiber to matrix moduli ratio. This arises due to the
assumptions that the matrix has no axial stiffness and only axial (x) displacements are allowed.
Another consequence of the zero axial matrix stiffness shear lag model is that the fiber spacing
does not affect the magnitude or the length over which the stress concentrations act. This can be
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explained by examining the assumed geometry of the matrix. Between any four neighboring fibers
the matrix is assumed to be square. Since the fibers are assumed to be one-dimensional, the matrix
does not have holes where the fibers are located. Consider a square piece of material loaded in the
same out of plane fashion that a matrix element would be loaded. The shearing stiffness (load to
displacement ratio) of this structure is independent of the actual size of the square. Therefore, the
spacing between fibers does not enter the formulation of the shear lag model when the matrix is
assumed to have no axial stiffness. In reality the matrix does have holes where the fibers are
positioned. As the spacing between fibers is decreased the effects of the holes becomes more
pronounced because the relative size of the holes increases. To fully investigate the effects of
fiber spacing, and thus volume fraction, other methods such as three-dimensional finite element
calculations are required.

The first imperfection that was investigated in this work was the case where the broken fiber is
able to debond from the matrix and slide with a constant shear stress acting at the interface. This
type of behavior is generally desirable because it is a nonlinear process that tends to reduce stress
concentrations in the composite and increases the fracture toughness. The magnitude of the stress
concentration was shown to depend on %, which is equal to j 3n/4 \/ (E¢/Gy)(Ty/Ere). The maximum
stress concentration factor in the nearest neighbor fiber and the length over which the axial stress
is elevated above the far field applied stress were plotted against 1 —%/% .

Consider a fiber that is broken before any strain is applied to the composite. As load is first
applied to the composite, the bond between the fiber and matrix will remain intact. The system is
well bonded and the stress concentration in the neighboring fiber will be 1.081. The stress con-
centration factor will remain at 1.081 until enough strain is applied to cause the shear stress near
the tip of the broken fiber over a significant area of the interface to reach t,, the critical shear
sliding stress. Upon further loading the slip length will increase, and the stress concentration in
the nearest neighbor fibers will drop according to Fig. 5.

What does this mean in terms of global or local load sharing? High stress concentrations occur
at low applied strains when fiber failure is least likely to occur, and low stress concentrations occur
at high applied strains when fiber failure is extensive. In order to answer this question more detailed
calculations would have to be performed that include the statistics of fiber failure and allow for
multiple breaks to interact. These types of calculations are beyond the scope of this paper. A few
qualitative statements can be made about global versus local load sharing. First, a low critical
shear sliding stress will cause composite behavior to be closer to the GLS regime. This is due to
low values of 7, causing relatively long slip lengths. Second, a high matrix shear modulus will
induce GLS-type behavior. The higher the matrix shear modulus, the closer the normalized shear
sliding strength is to zero, and the smaller the stress concentrations. Finally, composites with
stronger fibers will also approach the GLS regime. Strong fibers require high strains to cause
failure, and the normalization of %, implies that high strains reduce the relative shear sliding
resistance, bring about relatively long slip zones, and consequently cause stress concentrations to
be low. Generally, any characteristics that cause slip zones to be long and stress concentrations
to be low imply a tendency towards global load sharing.

After the effects of sliding were investigated, the assumption that the matrix has no axial stiffness
was relaxed. The finite element method gives a straightforward procedure for adding axial stiffness
to the matrix in a mechanically consistent manner. Interpreting the results of the shear lag models
with axial matrix stiffness is not as simple as the implementation. In order to keep shear lag models
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as simple and useful as possible, it is necessary to use a small number of degrees of freedom. When
this is done, the exact location of the crack tip at a fiber break becomes blurred. When there is
zero axial stiffness in the matrix, this question is irrelevant because the fibers must carry all of the
applied load anyway. However, when the matrix is able to carry load as well, careful modeling
and some interpretation is needed.

The model we introduced added extra degrees of freedom in the matrix in order to effectively
isolate the crack in the fiber. This model is relevant to systems where the fibers are well bonded to
the matrix, but the matrix has sufficient toughness such that cracks that initiate in fibers do not
propagate into the matrix. When this type of behavior occurs, the stress concentration factor in a
nearest neighbor fiber diminishes as the axial stiffness of the matrix increases. Shear lag models
that ignore axial matrix stiffness simply cannot predict these effects. The axial stiffness of the
matrix consists of two parts, the Young’s modulus of the matrix, E,,, and the area of the matrix,
w?. The axial stiffness per unit length of the matrix is then E,w?* The w? term can have two different
simple interpretations. One approach would be to let w be the center to center fiber spacing. This
is reasonable, based on the geometry of the system. The second interpretation would be to let w?
be equal to the actual area between four fibers, accounting for the holes that the fibers leave in the
matrix. This is a reasonable assumption because the Young’s modulus of the shear lag composite,
E., would then be given by the rule of mixtures, £, = fE:+ (1 —f)E,,, where f'is the volume fraction
of fibers being modeled. Again, this problem with the interpretation does not arise when E,, = 0
because the fiber spacing does not enter into the solution.

The final ‘imperfection’ that was considered was uneven fiber spacing. Two special cases of fiber
spacing eccentricity were modeled. It was shown that a relatively uniform change in local fiber
spacing (fiber volume fraction) causes less severe stress concentrations than when a single fiber is
placed closer to a broken fiber. The possibility arises that an arrangement of fibers could occur
randomly that is relatively weak, i.e. the stress concentrations in the cluster are higher than usual
because of fluctuations in fiber spacing. This would be expected to be an initiation site for a fiber
failure. Whether this failure would grow into the macroscopic defect which fails the composite
would depend on the strengths of the surrounding fibers.

In the past, the matrix material in three dimensional shear lag models was represented by springs
in an arbitrary fashion. The models presented in this paper still represent the matrix by springs,
but the stiffnesses of these springs are determined in a mechanically consistent fashion by the finite
element method. With the exception of some two-dimensional models, shear lag modeling has
been limited to the assumptions that fibers are well bonded to the matrix, the matrix has zero axial
stiffness and the fibers are arranged in a perfect array. The utility of these assumptions is that the
model can almost be solved in closed form, requiring only a numerical integration to obtain the
final solution. The problem with the model is that real composites never satisfy these assumptions.

The finite element method used here allows for a straightforward approach to model the effects
of fiber/matrix interface sliding, axial matrix stiffness and uneven fiber spacing. This paper discusses
each of these effects separately, but the model is not limited to the calculations presented here.
Any combination of the above factors can be included. This is especially useful for comparison to
experimental measurements where the control of fiber placement is not precise.

The stress concentration factor on a nearest neighbor fiber to a single broken fiber in a perfect
square array, where the fibers are bonded to the matrix, and the matrix does not carry any axial
loads is 1.081. Sliding at the fiber/matrix interface is a nonlinear process similar to plasticity that
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reduces and spreads out the stress concentrations in the neighboring fibers. If the crack in the
broken fiber does not extend significantly into the surrounding matrix, the addition of matrix
stiffness lowers the stress concentrations in neighboring fibers. When fibers are perturbed from
their regular positions the stress concentration increases as the neighboring fiber moves closer to
the broken fiber. The quantitative effects of these factors on the strength of composites is beyond
the scope of this paper, but qualitatively, lower stress concentrations along with smaller lengths
that these stresses act on lead to higher composite strength.
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Appendix A

The stiffnesses of a matrix element with the node numbering shown below are

2 1w
K11 = Kzz = K33 = K44 = Kss = K66 = K77 = K88 = 7GmAx+7Em7
9 9 " Ax
1 1 w?
K, =Ky =Ksg = Ky = K5 = Ky = K37 = Kyg = _ﬁGmAx‘i‘ ﬁEmB
Kpo = Ky = Koy = Koy = Kug = Kos = Koy = Koy = — G Av— L 2
13 = g = Bog = Bog = B3 = Bys = Bs7 = Beg = 36 mAX 18°™ Ay

2

1 1 W
Ky =Ky; = Ksg = K¢7 = §GmAx_§EmH
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1 1 w?
Kis = Kys = Ksg = Ky7 = _§GmAx+ %EmE
1 1 w?
K7 =Ky = K35 = Ky = _EGmAx_%EmE (A1-A7)

where K; is the force on node i when node j is displaced by one unit and all other nodes, including
node i, have zero displacement.
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